Abstract: The first-order differential equation of exponential relaxation can be generalized by using either the fractional derivative in the Riemann-Liouville (R-L) sense and in the Caputo (C) sense, both of a single order less than 1. The two forms turn out to be equivalent. When, however, we use fractional derivatives of distributed order (between zero and 1), the equivalence is lost, in particular on the asymptotic behaviour of the fundamental solution at small and large times. We give an outline of the theory providing the general form of the solution in terms of an integral of Laplace type over a positive measure depending on the orderdistribution. We consider in some detail two cases of fractional relaxation of distribution order: the doubleorder and the uniformly distributed order discussing the differences between the R-L and C approaches. For all the cases considered we give plots of the solutions for moderate and large times.
INTRODUCTION
The purpose of this paper is to study two types of fractional generalization of the classical relaxation equation. One type uses the fractional derivative in the sense of Riemann and Liouville, the other in the sense of Caputo. In its uses we distinguish between single and distributed orders of fractional derivatives.
The plan of the paper is as follows. In Section 2, we recall the relevant properties of the fractional relaxation equations of a single order 1 1 1 1 2 203 1], in which the fractional derivative is intended in the Riemann-Liouville (R-L) sense and in the Caputo (C) sense. The two forms are shown to be equivalent and the common solutions corresponding to a few orders are plotted. In Section 3 we consider two general cases of fractional relaxation where in the R-L setting the order 1 4 1, in the C-setting the order 1 is distributed according to a non-negative weight function p214. For the fundamental solutions of these equations we provide a general formula obtained by the Titchmarsh theorem on Laplace inversion. By virtue of this, these solutions appear as real Laplace transforms of a positive spectral function, and hence they are completely monotonic functions for t 5 0 in analogy with the fundamental solution of the fractional relaxation equation of single order. In Section 4 we consider two typical cases of weight function: the case of two distinct orders 0 5 1 1 5 1 2 6 1 and the case of uniform distribution of orders between zero and 1. For these cases, by using Tauberian theory, we provide asymptotic expressions of the fundamental solution near zero and near infinity, that show the different role played by the order-distribution in the R-L and C approaches. Finally, concluding remarks are given in Section 5. For the reader's convenience we briefly recall in an Appendix the essentials of Fractional Calculus useful for understanding the notions of fractional derivative in the R-L sense and in the C sense.
FRACTIONAL RELAXATION OF SINGLE ORDER
The classical phenomenon of relaxation in its simplest form is known to be governed by a linear ordinary differential equation of order one, possibly non-homogeneous, that hereafter we recall with the corresponding solution. Denoting by t 5 0 the time variable, u 1 u2t4 the field variable, and by t D 1 the first-order time derivative, the relaxation differential equation (of homogeneous type) reads
where 6 is a positive constant denoting the inverse of some characteristic time. The solution of (2.1), under the initial condition u20 7 4 1 13 is called the fundamental solution and reads u2t4 1 e 46t 3 t 5 07 (2.2)
From the view-point of Fractional Calculus (for a short review, see the Appendix) there appear in the literature two ways of generalizing the equation (2.1), one using the R-L, the other using the C fractional derivative. Adopting the notation of the Appendix for the two derivatives (see (A.5) and (A.6)), and denoting by 1 1 the common fractional order, the two forms read, respectively, t 5 0 
FRACTIONAL RELAXATION OF DISTRIBUTED ORDER

The two forms of fractional relaxation
The simple fractional relaxation equations (2.3) and (2.4) can be generalized by using the notion fractional derivative of distributed order. 4 We thus consider the so-called distributed order fractional relaxation equation or fractional relaxation equation of distributed order, in the two alternative forms involving the R-L and the C derivatives, that we write respectively as t D 1 u2t4 1 46
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subjected to the initial condition u20 7 4 1 u 8 20 7 4 1 1, where p214 5 03 and
The positive constant c can be taken as 1 if we want the integral to be normalized. For the weight function p214 we conveniently require that its primitive P214 1
vanishes at 1 1 0 and is there continuous from the right, attains the value c at 1 1 1 and has at most finitely many (upwards) jump points in the half-open interval 0 5 1 6 1, these jump points allowing delta contributions to p214 (particularly relevant for discrete distributions of orders).
Since for distributed order the solution depends on the selected approach (as we shall show hereafter), we now distinguish the fractional equations (3.1) and (3.2) and their fundamental solutions by decorating in the Caputo case the variable u2t4 with subscript 8.
As in Gorenflo and Mainardi (2006) , the present analysis is based on the application of the Laplace transformation with particular attention to some special cases. Here, for these cases, we shall provide plots of the corresponding solutions.
The Integral Formula for the Fundamental Solutions
Let us now apply the Laplace transform to equations (3.1) and (3.2) by using the rules (A.15) and (A.13) appropriate to the R-L and C derivatives, respectively. Introducing the relevant functions we then get for the R-L and C cases, after simple manipulation, the Laplace transforms of the corresponding fundamental solutions:
We note that in the particular case p214 1 21 4 1 1 4 we have in (3.4): A2s4 1 s 141 1 , and in (3.5): B2s4 1 s 1 1 . Then, equations (3.6) and (3.7) provide the same result (2.5) as simple fractional relaxation.
By inverting the Laplace transforms in (3.6) and (3.7) we obtain the fundamental solutions for the R-L and C fractional relaxation of distributed order.
Let us start with the R-L derivatives. We get (by virtue of the Titchmarsh theorem on Laplace inversion) the representation We note from (3.11) and (3.16) that, since H 2r 64 and K 2r 64 are non-negative functions of r for any 6 2 IR 7 , the fundamental solutions u2t4 and u 8 2t4 keep the relevant property to be completely monotone.
The integral expressions (3.11) and (3.16) provide a sort of spectral representation of the fundamental solutions that will be used to numerically evaluate these solutions in some examples considered as interesting cases.
Furthermore, it is quite instructive to compute for the fundamental solutions their asymptotic expressions for t 9 0 and t 9 because they provide analytical (even if approximated) representations for sufficiently short and long time respectively, and useful checks on the numerical evaluation in the above time ranges.
To derive these asymptotic representations we shall apply the Tauberian theory of Laplace transforms. According to this theory the asymptotic behaviour of a function f 2t4 near t 1 and t 1 0 is (formally) obtained from the asymptotic behaviour of its Laplace transform 1 f 2s4 for s 9 0 7 and for s 9 7, respectively. For this purpose we note the asymptotic representations, from (3.6): 
EXAMPLES
Since finding explicit solution formulas is not possible for the relaxation equations (3.1) and (3.2) we shall concentrate our interest on some typical choices for the weight function p214 in (3.3) that characterizes the order distribution. For these choices we present the numerical evaluation of the Titchmarsh integral formula, see equations (3.8)-(3.12) for u2t4 (the R-L case), and equations (3.13)-(3.17) for u 8 2t4 (the C case). The numerical results are checked by verifying the matching with the asymptotic expressions for u2t4 and u 8 2t4 as t 9 0 and t 9 7, obtained via the Tauberian theory for Laplace transforms, according to equations (3.18) and (3.19).
Double-order Fractional Relaxation
We now consider the choice We note that the equation (4.5a) and henceforth equation (4.6a) lose their meaning for 1 2 1 1. In this case we need a more careful reasoning: we consider the expression for s 9 0 provided by (3.18) as it stands, that is We exhibit in Figures 2 and 3 plots of the fundamental solutions for R-L and C fractional relaxation, respectively, for some 1 1 3 1 2 combinations: 1883 1841 1843 1821 1823 3841 3843 1. We have chosen p 1 1 p 2 1 182 and, as usual 6 1 1. From the plots the reader is expected to verify the role played by the different orders for small and large times according to the corresponding asymptotic expressions1 see equations (4.6), (4.9), (4.10) and (4.12).
Uniformly Distributed Order Fractional Relaxation
We now consider the choice p214 1 13 0 5 1 5 17 (4.14)
For the R-L case we have In Figure 4 we display plots of the fundamental solutions for R-L and C uniformly distributed fractional relaxation, adopting as previously, in the top 2gure, linear scales (0 6 t 6 10), and in the lower 2gure, logarithmic scales (10 1 6 t 6 10 7 ). For comparison in the top diagram the plots for single orders 1 1 1 03 1823 1 are shown. We note that for 1 5 t 5 10 the R-L and C plots are close to that for 1 1 1 182 from above and from below, respectively.
In the bottom figure (where the plot for 1 1 is not visible because of its faster exponential decay) we have added in dotted lines the asymptotic solutions for large times. We recognize that the C plot is decaying much more slowly than any power law whereas the R-L plot is decaying as t 41 1 this means that for large times these plots are the border lines for all plots corresponding to single order relaxation with 1 1 2 203 14.
CONCLUSIONS
We have investigated the relaxation equation with (discretely or continuously) distributed order of fractional derivatives both in the Riemann-Liouville and in the Caputo sense. Such equations can be seen as simple models of more general distributed order fractional evolution in a Banach space where the relaxation parameter 6 is replaced by an operator A acting in this space. A relevant example is time-fractional diffusion where in the linear case the individual modes exhibit fractional relaxation. Our interest is focused on structural properties of the solutions, in particular on asymptotic behaviour at small and large times. In both approaches we find that the smallest order of occurring fractional differentiation determines the behaviour near infinity, but the largest order the behaviour near zero, in analogy to the special form of time-fractional diffusion explicitly governed by the distributed order deriv-ative as in Chechkin et al. (2002a Chechkin et al. ( , 2002b and in Langlands (2006) , Mainardi et al. (2007) and Sokolov et al. (2004) . We see that the two parameters 1 1 and 1 2 play opposite roles in our two cases (R-L) and (C). The topic deserves further study in several directions, e.g. in terms of integral transforms and special functions like those of Mittag-Leffler type.
